The existence problem for mutually unbiased bases is an unsolved problem in quantum information theory. A related question is whether every pair of bases admits vectors that are unbiased to both. Mathematically this translates to the question whether two Lagrangian Clifford tori intersect, and a body of results exists concerning it. These results are however rather weak from the point of view of the first problem. We make a detailed study of how the intersections behave in the simplest non-trivial case, that of complex projective 2-space (the qutrit), for which the set of pairs of Clifford tori can be usefully parametrized by the unistochastic subset of Birkhoff's polytope. Pairs that do not intersect transversally are located. Some calculations in higher dimensions are included to see which results are special to the qutrit.
Introduction
The existence problem for Mutually Unbiased Bases (MUB) is easy to state, arises naturally when asking questions about the foundations of quantum mechanics, and may have various practical implications [1] . After several decades of work by quantum physicists, it remains open. From a mathematical point of view it is not clear how to address this problem. It just might be bound up with unsolved questions in discrete mathematics such as the existence problem for finite projective planes [2] , as has been discussed in the literature [3, 4, 5] . As noticed recently it may also be related to questions in Lagrangian intersection theory, an at first sight unrelated area of mathematics with roots in very different soil [6] .
On the physics side the set of all vectors unbiased with respect to a given basis can be regarded as 'maximally quantum' states, as seen by an observer having access to only one von Neumann measurement. In mathematics this set of vectors is known as a Clifford torus, and forms a Lagrangian submanifold of complex projective space. Thus, listing the set of all vectors unbiased to two different bases is equivalent to the problem of enumerating the intersections between two Clifford tori. Provided the intersections are transversal (they may not be) a powerful mathematical theorem guarantees that at least 2 N −1 distinct intersections occur when the Hilbert space has N dimensions [7, 8] . However, to be of use in the MUB existence problem these intersections have to occur in a very special constellation.
The case N = 2 is trivial. In this case a Clifford torus is a great circle on the Bloch sphere. Two great circles always intersect in two antipodal points, and these points represent an orthonormal basis unbiased to the two bases one started out with. The purpose of this paper is to investigate the simplest non-trivial case, N = 3, in full detail. Using a natural parametrization of the set of all pairs of Clifford tori we find that the number of intersections is 4 or 6, with 3 or 5 intersections occurring in exceptional non-transversal cases.
Section 2 briefly reviews the MUB existence problem and the subject of biunimodular vectors. Section 3 explains why questions about intersecting Lagrangian tori are relevant to it, and recalls some facts about intersecting submanifolds. Section 4 parametrizes the set of Clifford tori by means of the unistochastic subset of Birkhoff's polytope. A detailed description of the N = 3 case is given since it has independent interest. Sections 5 and 6 present our main result, a description of how the regions with four and six intersection points sit inside the parameter space. We pay special attention to sets of measure zero where the transversality condition fails. Most of the story is based on Mathematica calculations, with some analytical support. We believe that the resulting picture is basically complete-when N = 3. The question whether it has any implications for the MUB existence problem is deferred to the concluding section 7. Some analytical calculations for higher dimensions are given in two appendices, to see to what extent our results are special to the N = 3 case.
The MUB existence problem and biunimodular vectors
In quantum mechanics an orthonormal basis is needed to specify a von Neumann measurement. Given the Hilbert space C N , two orthonormal bases
are said to be unbiased if all the numbers | e i |f j | 2 are the same. Thus the transition probabilities are
for all i, j. Pairs of bases related in this way have practical applications to quantum cryptography, and the concept is closely related to Bohr's notion of complementarity [9] , supposedly central to the philosophy of quantum mechanics. One obtains an example of an unbiased pair for any dimension N by letting the first basis be the computational basis, and then acting on its vectors by means of the Fourier matrix F , with matrix elements
The resulting basis is called the Fourier basis. Its vectors are made up of the columns of the Fourier matrix. In the MUB existence problem one goes on to ask how many mutually unbiased bases there can be, given N. An answer would have implications ranging from practical quantum state tomography [10, 11] and cryptography [12, 13] to pure mathematics [14] . It is easy to show that the number is bounded from above by N + 1. Group theoretical constructions of considerable elegance do yield N + 1 mutually unbiased bases in C N if the dimension N is a power of a prime number (and yield at least 3 bases in every dimension) [15, 16, 17] . The reason behind this success has been pinpointed [18, 19, 20] . Extensive computer calculations have produced convincing evidence, but no proof, that the maximum number for N = 6 is 3 [21, 22, 23] . Not much more is known about this problem.
A less ambitious problem is that of enumerating the set of all vectors that are unbiased with respect to both members of a pair of unbiased bases. For the particular case that this pair is the computational basis and the Fourier basis, such vectors are also known as biunimodular vectors. They have received considerable attention (also for reasons unrelated to quantum mechanics) [24, 25] . See Table 1 , and observe that for N > 5 the number of such vectors is larger than one would need in order to construct an additional set of N − 1 bases. For N = 6 one finds 48 such vectors, and no less than 16 bases can be constructed from them [26] . But there are no unbiased pairs of bases there. This does not settle the MUB existence problem for N = 6 as continuous families of unbiased pairs not equivalent to this particular one do exist [27, 28] . Table 1 : Number (#) of vectors unbiased to both the computational and Fourier bases in dimension N [24, 25, 26] . If the dimension is divisible by a square the intersection of the two Clifford tori is not transversal. 2  2  2  2  3  4  6  6  4  8  12  ∞  5  16  20  20  6  32  30  48  7  64  42  532 Finally we can ask for all vectors unbiased with respect to an arbitrary, not necessarily unbiased, pair of bases. This is the subject of the next section, albeit in a different language. Again the answer has a practical application to do with error-disturbance relations in quantum theory [29, 30] , an observation that inspired this paper. It also has ramifications for the structure of unitary matrices [31, 32] . The paper by Führ and Rzestotnik begins with an up-todate and very readable review of the subject of biunimodular vectors [32] .
Clifford tori and their intersections
Quantum states are described, not by vectors in C N , but by points in complex projective space CP n where n = N −1. This is a Kähler space with a natural metric and a compatible symplectic form. For N = 3 an arbitrary point is described, in the computational basis, by the normalized vector
The vector p is a probability vector. If we use the components p 1 and p 2 as two of the coordinates the symplectic form takes the canonical form Ω = dp 1 ∧ dν 1 + dp 2 ∧ dν 2 .
We are now using action-angle coordinates, with the phases ν i parametrizing tori in phase space [6] . Unitary time evolution is simply Hamiltonian time evolution, for Hamiltonian functions of the special form [33, 34] H(p, ν) = ψ|Ĥ|ψ .
IfĤ is a diagonal matrix the Hamiltonian function H is independent of the angle variables. In conclusion, complex projective space is a phase space, and unitary transformations are (quite special) canonical transformations. A torus is Lagrangian if it has half the dimension of phase space and if the symplectic form vanishes when restricted to the torus. The action variables p i parametrize a set of Lagrangian tori that fill the phase space. The metric induced on such a torus is [35] 
The (metric) area is maximized when the probability vector is flat, that is when
By definition a Clifford torus is a Lagrangian torus of maximal area. From the example it is clear that there will be one Clifford torus for each choice of basis in Hilbert space. It is also clear from eq. (1) that a vector is unbiased with respect to a given basis if and only if it corresponds to a point on the Clifford torus defined by that basis.
Mathematicians have devoted considerable attention to the question when two Lagrangian submanifolds, related by a Hamiltonian deformation (in some symplectic manifold), intersect. For the particular case of Clifford tori in complex projective space the result alluded to in the introduction-that the number of distinct intersections is at least 2 n whenever the intersections are transversal-is available [7, 8] . The proofs use sophisticated methods such as Floer cohomology, and we have no intention to comment on them here. We will however need some facts concerning intersecting submanifolds. The dimension of the submanifolds is one half times the (real) dimension of the ambient space.
Consider two circles embedded in a sphere. They are said to intersect transversally at a common point if their tangent vectors at this point span the tangent space of the sphere. The sphere has a canonical orientation. If the embedded circles are oriented and ordered we can assign an index +1 or −1 to each intersection point depending on whether, at this point, a positively directed tangent vector of the first circle followed by a positively directed tangent vector of the second circle constitute a positively or negatively oriented basis in the tangent space of the sphere. The intersection number, I, of the two embedded circles is then defined to be the sum of these indices. One can show that the intersection number is invariant under any smooth deformation of the circles. See e.g. ref. [36] . Now, it is intuitively obvious that the embedded circles can always be deformed so that they do not intersect at all. Therefore I = 0, which means that the indices assigned to the transversal intersection points must vanish in oppositely indexed pairs.
The intersection number of two Clifford tori in CP n is similarly defined. See section 5. Because it is always possible to smoothly deform the tori so that they do not intersect, their intersection number must equal zero. If, however, we restrict ourselves to Hamiltonian deformations the theorems say that it is impossible to completely separate the Clifford tori-at least 2 n intersection points will stay in the generic case. We will eventually give the calculation of the indices in detail, and we will also be concerned with how they distribute themselves over the MUB intersection points.
Finally we note that, as a glance at Table 1 shows, the theorems we have quoted [7, 8] do not tell the full story. The motivating question is, can they serve as a spring board from which to address the MUB existence problem? The question we will actually address is how things work out in CP 2 .
Birkhoff's polytope
We want to study all possible pairs of Clifford tori in CP 2 . In this section we will show that up to natural equivalences the set of all such pairs can be parametrized by the four dimensional unistochastic subset of Birkhoff's polytope. An alternative standard form for the matrices connecting the tori is given in Appendix A.
We may assume that the first member of our pair consists of all vectors of the form (3) with a flat p. The second member can be obtained by applying a unitary transformation to the first, and the question is where the second torus intersects the first torus. Thus, given a unitary matrix U, we are looking for all choices of phases (α 1 , α 2 ) such that
This gives three, or in the general case N, real equations, but because the matrix is unitary there are in fact only N − 1 independent real equations for N − 1 unknowns (in dimension N). It is not easy to guess how many solutions there may be. It is clear that diagonal unitaries D and permutation matrices P transform the computational Clifford torus into itself. For our purposes therefore it is enough to consider equivalence classes of unitaries such that
Members of the same equivalence class will give rise to the same number of intersection points. Thus we may present all unitaries in ordered dephased form, meaning that their first row and first column will be filled with nonnegative real numbers in non-decreasing order. This equivalence relation arises in many contexts [25] . In practice it is convenient not to impose the permutation equivalences explicitly. By definition, a bistochastic (or doubly stochastic) matrix is a square matrix with positive entries, such that all rows and all columns sum to one. From a unitary matrix we can always construct a bistochastic matrix by taking the Hadamard product U • U * = B,
Bistochastic matrices arising in this way are called unistochastic, and they form a proper subset of the set of all bistochastic matrices. If U is an orthogonal matrix B is said to be orthostochastic. The set of all dephased unitaries can be parametrized by the independent moduli of the matrix elements. See ref. [37] for a discussion with full references. For N = 3 there are 4 parameters, and they determine the dephased unitary uniquely up to complex conjugation, which again is an operation that transforms the computational Clifford torus into itself. For higher values of N this parametrization fails, in principle mildly [38] , in practice badly because the unistochastic subset is difficult to characterize. The set of all bistochastic matrices B is the convex cover of the permutation matrices, and is called Birkhoff's polytope [39] . The nice thing about this, given that we restrict ourselves to N = 3, is that this set is simple enough to be visualized. Visualizing the unistochastic subset U-which is what we are really interested in-takes a bit more effort, but when N = 3 we are greatly helped by the fact that in this case its boundary is easy to characterize: it consists of the set of all orthostochastic matrices, that is the set of bistochastic matrices of the form B = O • O where O is an orthogonal matrix. Thus we have an analytic description of the boundary.
Let us give some details (taken from the literature [37] ), assuming that we have imposed the Euclidean distance
For any bistochastic matrix B there are permutation matrices P i and a probability vector π such that
(Note that this equation provides a labelling of the permutation matrices.) The nine facets of the polytope are obtained by setting one matrix element equal to zero. The polytope is elegantly described as the convex cover of 
Its insphere has radius r in = 1/3, and its outsphere (which coincides with the outsphere of Birkhoff's polytope) has radius 1. Moreover U is star shaped, i.e. fully visible from its centre. To see all this in front of us, we begin by looking at a facet of Birkhoff's polytope. It is a tetrahedron with four edges of length √ 2 and two edges of length √ 3. The unistochastic subset meets the facet in a two dimensional ruled surface, coming from a maximal torus in the group manifold of SO(3). The short edges are unistochastic, the long ones not. See Fig. 1 .
Next we look at a selection of cross sections through the polytope. First we take the cross section π 1 = π 2 = π 5 = 0. This is an equilateral triangle bounded by three non-unistochastic edges, and the polytope itself is the convex cover of two such triangles. The curve bounding the unistochastic subset is known as a deltoid. The three points on this curve closest to the centre lie on the insphere of the unistochastic subset. See Fig. 2 .
Moving somewhat beyond ref. [37] , we also look at cross sections obtained by taking all bistochastic matrices such that B p = e, where p is some fixed probability vector and e is the flat probability vector. Generically they are hexagons. A case where the hexagon is regular is shown in Fig. 3 . Its unistochastic subset is a circular disk. A case where the hexagon degenerates to an equilateral triangle is shown in Fig. 4 . It lies entirely within the unistochastic subset. In both pictures the unistochastic subset is divided into two regions, for reasons that will become clear in section 6. A fourth cross section is obtained by including B ⋆ and a unistochastic edge. The boundary of its unistochastic subset is a parabola. The bisectrices of the triangles making up the first kind of cross section occur as diagonals in these parabolic cross sections. See Fig. 6 (which is placed in section 6 because we will provide more details there).
Intersections-at the extremes
We consider pairs of Clifford tori related by a unitary matrix according to eq. (8) . Using the parametrization of the pairs given in section 4 we begin with pairs whose parameterizing unitaries sit inside a facet of Birkhoff's polytope.
In each facet these unitaries make up a two dimensional set of orthogonal matrices, and it is easy to verify analytically that they relate tori intersecting in exactly 4 points, with the exception of those matrices that sit on an edge of the polytope [32] . The latter relate tori that intersect non-transversally in two non-intersecting circles. For an example see panel "d" in Fig. 7 . If the matrix is a permutation matrix the tori coincide.
Then we venture inside, and choose the unitary to equal the Fourier matrix F ,
Its columns form the Fourier basis. The corresponding bistochastic matrix is the van der Waerden matrix, and sits at the centre of Birkhoff's polytope. It is known that the computational and Fourier basis can be supplemented with two additional bases to form a complete set of four mutually unbiased bases [10] . This means that there exist (at least-and in fact exactly) six vectors unbiased to both, and hence the two Clifford tori intersect in six points. The intersections are transversal, meaning that the 2-dimensional tangent spaces of the two tori span the 4-real-dimensional tangent space of the ambient space at the intersections. A special feature is that the vectors in the Fourier basis sit in the computational Clifford torus. Conversely the computational basis vectors sit in the Clifford torus defined by the Fourier basis. Now a torus is an orientable manifold, and CP 2 is oriented by the choice of the symplectic form. Following section 3 we can assign an index ±1 to each point where the tori intersect transversally. We permit ourselves to use some standard notation from differential geometry, where tangent vectors appear as differential operators. We use affine coordinates for the calculation (which is given in more detail in the appendix). Vectors in Hilbert space are written as (1, z 1 , z 2 ). The first Clifford torus is described by (z 1 , z 2 ) = (e iν 1 , e iν 2 ), and its tangent spaces are spanned by the vector fields
which are the pushforwards of the coordinate vector fields of (ν 1 , ν 2 ), computed by the chain rule. The second torus is related to the first by the Fourier matrix, and its embedding is defined by
The ∼ symbol means equality up to an overall complex number. In this way we obtain a parametric description of the second torus. Finally we calculate the pushforwards of the coordinate vector fields under (16) , and call them ∂ α 1 , ∂ α 2 . We then have bases in the tangent spaces of the tori, which we declare to be orientation determining. The tori intersect at the six points
Our altogether four tangent vector fields span the tangent spaces of CP 2 at these points, and we can calculate the orientation of the bases there. The end result of this somewhat lengthy calculation is that
with the plus sign occurring three times and the minus sign three times. Thus the intersection number I = 0, as advertized in section 3. But the calculation also gives an index associated to each of the intersections, and therefore also some information about how the intersection points can merge, or not, as we deform the tori. Interestingly the signs are all plus for a triplet of points corresponding to one basis, and all negative for the other. See Fig. 5 . The question whether this pattern repeats itself in all odd prime dimensions is addressed in appendix B. If we move the second torus by means of a continuous family of unitary transformations the location of the intersection points will change, and they may even merge and disappear. But the sum of the indices of the intersection points will be preserved during this process, and this restricts the pattern of possible mergers. We know what goes on at the boundary and at the centre of our parameter space. Except for a set of measure zero the boundary consists of unitaries that give rise to only 4 intersection points. In an open ball around the centre 6 intersection points arise. Somewhere in between must lie a boundary between those unitaries relating tori that intersect 4 times, and those relating tori intersecting 6 times. The aim of the next section is to pin this boundary down. 
How the intersections move and merge
We want a precise account of how the intersections change as we vary the pairs of tori. We begin by looking at pairs related by a matrix picked from the cross section in Fig. 6 . Four paths from its centre to its boundary are drawn and labelled. At the starting point (the Fourier matrix) there are 6 intersections, supplied with indices according to Fig. 5 . The motion of the intersection points is shown in Fig. 7 . As we move along the path labelled "a" a pair of intersections merge and disappear when we cross the part of the inner boundary marked "5" in the picture. The remaining 4 intersections continue to move until we hit the boundary of the unistochastic set. Along path "b" the number of distinct intersections stays 6 all the way to the corner, where it drops to 3. Along path "c" three intersections merge when we reach the inner boundary marked "4" in the picture. On the other side of this boundary the number of intersections is 4. Along path "d" the number of intersections remains 6 all the way to the unistochastic edge, where the intersections form two circles. The behaviour is qualitatively the same for all paths from the centre, the one thing that matters is which part of the boundary-"5", "4", or neither-that is being crossed.
Inspection of Fig. 7b suggests that it may be possible to continuously and unitarily move the Clifford torus of the Fourier basis into coincidence with that of the computational basis in such a way that three intersection Fig. 6 . In case b (also shown in Fig. 2 ) one of the bases remains a basis all along the pathand it could have been kept fixed, see Appendix A. In case d we approach a pair of Clifford tori intersecting in two circles. The behaviour is ruled by the indices assigned in Fig. 5 , and the coordinates used are the α i from eq. (8).
points (belonging to a single basis) remain fixed. We prove this, and sketch the corresponding proof for N intersection points in all odd prime dimensions N, in Appendix A. For N = 2 a look at the Bloch sphere suffices as a proof.
The full picture is drawn with limited analytical support. Using Mathematica we checked a fairly large number of paths, until we were confident about the analytic form of the inner boundary. Then we checked numerically that matrices along this inner boundary behave as expected, and finally we calculated the intersections analytically in a few examples.
Which of these behaviours is typical? To answer this question we repeated the exercise for the other three cross sections we have studied. In the example shown in Fig 3 the cross section is cleanly divided into two regions with 6 intersections in the central region, 4 intersections in the exterior region, and 5 intersections along the boundary. In Fig. 4 the behaviour is similar, except if the path escapes at the corners where the intersections grow into two circles. There are 5 intersections along the inner boundary, which forms a hypocycloid. The cross section shown in Fig. 2 is a very special case. In this case there are 6 intersections throughout the interior, and their number drops to 3 all along its boundary (except, of course, at the corners). This is not in contradiction to the theorems [7, 8] since the intersections cease to be transversal there.
Thus pairs of Clifford tori that intersect in only 3 distinct points occur at the boundary of the unistochastic set in the two special cross sections shown in Fig. 2 . Incidentally, the path "b" from Fig. 6 lies along a bisectrix in Fig.  2 . This gives us a useful double check on the neighbourhood of the interesting matrix encountered at the boundary there. For this very symmetrical choice of path one of the bases formed by the intersection points moves as a unit, and remains a basis all along the path. The paths "a" and "d" lie along a bisectrix in Fig. 4 and provide a double check on the behaviour at the unistochastic edge.
One of our aims was to find an analytic description of the boundary separating regions of matrices giving rise to Clifford tori with 6 and 4 intersections, respectively. In this we failed, but the cross sections we have shown give much information about its shape. They suggest, as expected, that the boundary between the two regions generically consists of matrices with 5 cross sections, although exceptions were identified. They support the conjecture that the region giving rise to 6 intersections is star shaped. In looking at the pictures we should remember that Birkhoff's polytope lives in four dimensions, and most of its volume lies far from its centre. When we picked unitary matrices at random using the Haar measure we found that the region giving rise to 6 intersections occurs about one fifth of the time (as has been independently confirmed [41] ). The average Euclidean distance from the centre of Birkhoff's polytope was 0.49 for matrices leading to 4 intersections, and 0.37 for those leading to 6 intersections. Table 2 gives precise results. For each matrix generated we solved eq. (8) numerically to 60 digits precision. The exercise was then repeated for N = 4 dimensions in order to see if the lowest possible number of intersections is always the most common case. It is not.
Discussion
In conclusion, Clifford tori in CP 1 always intersect in two points. The first non-trivial case occurs in CP 2 . In this case generic pairs of Clifford tori intersect in either 4 or 6 points, the former case having the largest Haar measure. (In four dimensions the largest measure pertains to Clifford tori intersecting more than the 2 3 times guaranteed by the theorems [7, 8] .) We observed that pairs of Clifford tori can be parametrized, up to natural equivalences, by the unistochastic subset U of Birkhoff's polytope, which in this case is a four dimensional set whose structure is well understood. This set is divided into two regions. The region corresponding to 6 intersections contains the centre of U, while the closure of the region corresponding to 4 intersections contains the boundary of U. On the boundary between these regions one typically but not always finds 5 distinct intersections. Clifford tori intersecting in only 3 points occur along two distinct curves in the set of inequivalent pairs, namely on the boundary of the unistochastic set in the two special cross sections depicted in Fig. 2 .
We described the situation by giving a precise account of four different two dimensional cross sections of U. Based on them we conjecture that the region corresponding to 6 intersections is star shaped, and that pairs intersecting in just 3 distinct points occur only along the two curves we identified.
The intersection number for a pair of Clifford tori vanishes, but the individual signs distribute themselves in an interesting way when there are six intersection points corresponding to a MUB: the signs are all plus for one basis, and all negative for the other. This pattern recurs in (at least) all odd prime dimensions ≤ 17, so this is not an N = 3 coincidence. It is connected to the fact that the MUB vectors fall in two groups, depending on whether their components can be constructed from the root of unity e 2πi/N raised to quadratic residues or quadratic non-residues. Now the question is whether we have learned anything of use for the MUB existence problem? In Figs. 2 and 6 the arrows clearly go the "wrong" way. The calculations were performed along curves starting at the Fourier case and moving outwards towards the boundary of the set. What we would really like to do is to set up some kind of natural flow in the set of pairs of Clifford tori, such that the intersection pattern changes towards the pattern that signals the presence of a complete set of MUBs. In dimensions where the MUB existence problem has a negative answer, obstructions to this flow should be identified. Whether anything like this can be achieved we do not know.
It will occur to the reader that, since we restricted ourselves to the lowest non-trivial dimension, our pictures do not even begin to capture the complexities hidden behind Table 1 . This is true. Of course there are contexts in which the qutrit, or CP 2 , is of special interest. Moreover, the geometry of the unistochastic subset of 3 by 3 bistochastic matrices is of independent interest [42] . Nevertheless, our purpose was to inject new ideas that may lead to progress in all dimensions, and we hope they will.
Appendix A: Some calculations in higher dimensions
We have characterized pairs of Clifford tori by the unitary matrices connecting them, and we divided the latter into equivalence classes, choosing a dephased unitary as representing each class. This is very convenient in 3 dimensions, but in higher dimensions an alternative standard form may be preferable. Given the theorems on which we rely [7, 8] we know that every Clifford torus intersects the computational Clifford torus, and by translations along the tori (that is, by enphasing the unitary that connects them) we can ensure that one of the intersection points is represented by the flat vector (all of whose entries are equal to 1/ √ N ). Denote this vector by |f 0 , and extend it to an orthonormal basis {|f i } N −1 i=0 in some way. Then each equivalence class has a representative unitary matrix of the form
By construction, the flat vector is left invariant by this matrix. There are (N − 1)(N − 2) real parameters involved in the choice of the basis and N − 1 parameters in the eigenvalues, so the dimension of the set of inequivalent pairs of Clifford tori is (N − 1) 2 , which is equal to the dimension of Birkhoff's polytope.
We can now give an example of a one-parameter family of unitaries U(σ), σ ∈ [0, π], interpolating between the identity and a matrix in the same equivalence class as the Fourier matrix F , and which relates Clifford tori that intersect at the vectors in the Fourier basis for all values of the parameter. The matrix elements are
This substantiates the claim made in section 5, namely that in all prime dimensions it is possible to continuously and unitarily move the standard torus into coincidence with the Fourier torus in such a way that N intersection points, forming one of the bases in a MUB, are left fixed. The proof uses a standard Gauss sum valid for odd prime N, eq. (32) below. However, the idea becomes much more transparent if we write it out for N = 3, in which case the one-parameter family is given by
For σ = 0 this gives the identity, for σ = 2π/3 it covers the van der Waerden matrix, and for σ = π it reaches the boundary of the unistochastic set. The six intersection points of the tori related by this matrix are given by vectors (1, e iα 1 , e iα 2 ) equal to one of the columns of the matrix
where e ia = 1 + 2e
This provides an analytic check on Fig. 7b , although in that picture the "fixed basis" moves because we used a different standard form of the unitaries. (By the way, our figures rely not only on numerical calculations but also on quite a few analytic checks of this kind.)
Appendix B: Calculating the intersection indices
We will now calculate the intersection indices, in odd prime dimensions, for a pair of Clifford tori related by the Fourier matrix F . In general odd prime dimensions p a complete set of MUB can be taken to consist of the computational basis, the Fourier basis, and p − 1 bases given by columns of circulant matrices [10] . Let the non-zero integer z < p label the circulant bases and the integer a < p label the vectors. With ω = e 2πi/p and using arithmetic modulo p whenever applicable, we have the MUB vectors |z, a ∼ 
where we removed a phase factor in the last step in order to prepare for using affine coordinates. When we apply the discrete Fourier transformation the vectors are rearranged according to |z, a → |z
We use the angles ν r to coordinatize the fixed torus and the angles α r to coordinatize the torus that we shift with the Fourier matrix. At the intersection points defined by these vectors, see eq. (24), we have then that e iαr = ω r 2 −2ra 2z
This gives the affine coordinates z r evaluated at these intersection points. A general point on the shifted torus ends up at z r = z r (α) = 
where the premise in (26) is assumed to hold. Unfortunately we were unable to calculate the resulting determinant in general. For p = 3, 7, 11 we found det[∂ ν 1 , . . . ∂ ν p−1 , ∂ α 1 , . . . , ∂ α p−1 ] = ±p ,
where the plus sign applies to all vectors coming from a basis |z, a with z a quadratic residue. For p = 5, 13, 17 it is again true that the determinant is positive for all vectors coming from a basis whose z is a quadratic residue, but for these three cases we found respectively that The difference between primes equal to 3 modulo 4 and primes equal to 1 modulo 4 is due to the Gauss sum 
where Q denotes the set of quadratic residues (i.e., the set of non-negative integers that can be written as the square of another integer in arithmetic modulo p). Sums over roots of unity with quadratic (non-)residues are easily calculated from this formula.
The conclusion is that we have some evidence for the conjecture that the intersection indices are always equal for intersection points taken from the same mutually unbiased basis if the dimension is an odd prime-but we did not prove it.
